Rate equations are derived for two lasers with a linear coupling element. A strategy and scheme is indicated for iterative self-consistent numerical solution of the steady-state equations. The presence of the linewidth-enhancement parameter is explicitly taken into account. Locking in stable operation for a large range of coupling phases is numerically demonstrated and locking ranges are given. Numerical and analytical results are given for the output powers and operation frequency as functions of the pump strengths of the individual lasers and their frequency detuning.
INTRODUCTION
Strong mutual injection in coupled lasers causes the effective coupling to become dependent on the individual inversions in each constituent laser. Therefore, locking of coupled lasers is a more complicated nonlinear problem than considered in most existing treatments. The successful operation of the CCL of Ref. [1] motivated a theoretical investigation into questions as to how and under which conditions the coupling causes individual laser modes to lock in frequency and phase. The rate-equation theory to be presented here aims at providing adequate answers to these questions in the context of a model for longitudinally coupled semiconductor lasers with a general type of linear coupler. The theory is self-consistent in the sense that in the strong-coupling regime the effective coupling coefficients depend on the respective inversions in each laser, where the latter in their turn depend on the effective coupling. The self-consistent solution is obtained by an iteration method. Steady-state solutions will be presented and discussed, both inside and outside the locking range.
A simple dynamical theory for coupled lasers, taking into account the self-consistent modification of the coupling mechanism, is not available yet. In rate-equation approaches, inversion-dependent effective coupling is usually ignored [2] . Here we report on a self-consistent rate-equation approach in the spirit of Ref. [3] for the mutual injection of two Fabry-Pérot (FP) type lasers. The present theory extends that of Ref. [4] to semiconductor FP lasers with arbitrary longitudinal coupler. The latter theory [4] demonstrates good agreement with measurements in [1] .
A dynamical theory for the CCL with a general type coupler is not available yet. Many approaches are based on linear monochromatic analyses [5] [6] [7] [8] [9] [10] and although this yields insight into the coupled-mode operation of these devices, the dynamical process leading to frequency locking of the two constituent lasers requires analysis of coupled rate equations for the complex fields and the inversions in the two constituent lasers. Also, the dispersive role of the self-phase modulation parameter α will be explicitly dealt with. The "knobs" of the coupled system are the injection currents of the two constituent lasers and the frequency difference (or detuning) of the two individual single laser modes. The theory describes if, why and how, due to the coupling, the two original isolated modes will combine to one single "super-mode", a situation referred to as locked state. We have found that the frequency span (i.e. full-width) of the locking range, i.e. the detuning interval where locking occurs, depends on the effective coupling coefficient | |, the locking phase and the linewidthenhancement parameter and is, in case of symmetrically pumped identical lasers, qualitatively well described by the expression 4| |√1 + 2 | cos( − Arctan( ))|.
Here, the electric fields near the coupler facets are represented as ( ) 0 (j=1,2), where 0 is a conveniently chosen reference frequency close to the expected operation frequency in the steady-state locked situation and ( ) is the slowly varying complex electric field amplitude. Details of the derivation are given in [4] .
The rate equations can be expressed as ( 0 ≡ − 0 and is the frequency at threshold of isolated laser j, i.e. without coupling, or = 0)
Here, ( = 1,2) are the (effective) coupling coefficients,
with ( is the coupling phase)
Eqs. (1) are complemented by the rate equations for the numbers of e.h.-pairs in the respective active regions
where Δ (in units −1 ) is the injection current w.r.t. the threshold current (i.e. when laser j operates without coupling), is the spontaneous-recombination lifetime of e.h.-pairs and Γ ≡ 2 (1 − | |) is the photon decay rate in isolated laser j.
STEADY-STATE ANALYSIS WITHIN THE LOCKING RANGE
To facilitate the steady-state analysis, it is convenient to formulate equations for the intensities and phases ( = � ):
In (5) and (6) we have introduced the phase difference 21 ≡ 2 − 1 . When the two lasers are locked to each other, they operate both on the same frequency . If such steady state exists, it follows from the first equation in (6) that 
RATE EQUATION MODEL
Alternatively, using the second equation (6), we can also find in the locked state
We can combine eqs. (6) as (use 20 − 10 = 21 ≡ 2 − 1 )
Eq.(9) describes the locking dynamics; in the steady state the left-hand side vanishes and the resulting equation is consistent with (7) and (8). The steady-state solutions of (5) satisfy
By substitution of (10) in (6), we can write,
From (11) we can write, by repeatedly combining sinus functions, as an equivalent alternative to (9),
and the half-width of the locking range, defined as
From the steady-state solutions of (4) we derive
and this can be used in (13) to evaluate . If the locking condition
is satisfied, the stable steady-state solution of the Adler type equation (12) is given by
From the first equation (11) we find for the operation frequency offset from 1
OUTSIDE THE LOCKING RANGE
If inequality (18) does not hold, eq. (12) has no time-independent solution, but allows a stationary solution with a phase drift, where 21 grows monotonically [11] . In this case all dynamical variables will show oscillations around their timeaveraged values with the period 2π/Ω, where the fundamental frequency Ω can be shown from (12) to be [11] 
where
and where <..> denotes time average over one period given by (21). At the locking edge, | 21 | = , it can easily be verified, using (19), that
which can be used to evaluate the two cosines in (10):
For | 21 | > we realize that each cosine will oscillate with frequency Ω given in (21), but not harmonically. In fact, their time-averages will gradually vanish as | 21 | − increases and we therefore postulate for the time averages
to be substituted for the cosines in (10) . For the average operation frequency of laser 1 we find similarly, using (20) and (24)
Finally, in order to compare with measured output intensities, we need an expression for the output intensity leaving laser j at the exterior facet. From Fig. 1 and using (5) , it can be deduced that
This concludes the formulation of the equations describing the operation in terms of observable quantities of the CCL.
ANALYTIC SOLUTION FOR WEAK COUPLING AND WELL ABOVE THRESHOLD
To develop a feeling for how the solutions will look like, an analytic approximate solution may be helpful. We assume that both lasers operate well above their thresholds. The intensities given by (17), can be written in lowest order | | as
where 0 ≡ Δ Γ is the intensity of each laser without coupling, i.e. when = 0. Using (10) we can write
Substitution of (30) in (29) yields
In order to make things even more accessible analytically, let us assume that the two lasers are identical. This (
or, neglecting
We now substitute (34) in (32), where the two latter expressions, using some goniometric relations, can be written as
Hence, for the locking half-width , we obtain (see (16))
and from (14)
Therefore, from (19),
Substitution of (38) in (31) finally yields explicit expressions for the intensities in terms of the locking phase and detuning:
The operation frequency (20) can be expressed, using (38) and (36), as
This is all valid inside the locking range, i.e. for | 21 | < . Outside the locking range, we find for the average intensities
For the operation frequency of laser 1 we find from (27) using (34) and (37),
It can easily be checked that (40) and (42) as well as (41) and (43) continuously connect at the locking border 21 = ± .
NUMERICAL RESULTS
Numerical results have been obtained for parameter values given in Table 1 . A Mathematica code was used to solve the coupled equations (10), (17) and (19) by iteration. This procedure worked well by choosing 0 such that
This choice keeps 0 as small as possible for all values of as explained in [4] . Numerical instabilities only started to appear usually near the locking edges and for typically large values of > 30.
From (3) and using the convention (44) in Sec.4, we find
The following numerical iteration scheme was applied for each given value of the detuning 21 : In the first step we start with initial values = (1 − ) , ϵ = 1 and with these values 1 and 2 are calculated using (14) . Then we evaluate � �, , and update , using (3), (17) and (13), whereafter a new value for 21 is obtained using (14-16) and (19). This procedure is repeated until convergence is reached, which is normally the case after less than 100 iteration steps, except near the locking edges. It was numerically verified that replacing by -yields the same results as replacing 21 by − 21 . The pump strength of laser j is defined as
where ℎ , is the threshold injection current of laser j. In Fig. 2 numerical results are presented for the output intensities 1 , 2 and the operation frequency 11 ≡ 1 − 1 showing an asymmetric locking range extending from 21 ≈ −32 to +20 Grad/s, for a case of asymmetric pumping. Outside the locking range, the intensities and operation frequency are time averages. In this region the coupled system is not able to operate in a locked single-frequency state, but the variables show non-harmonic periodic oscillations around their time-averaged values, as described in Sec. 4. The results in Figs. 2 and 3 are obtained for strong coupling | | = 0.12. It was generally found that when the coupling phase ≡ arg � � mod( ) assumes a value in a small interval around Arctan( ) + /2 , the CCL is unstable, that is, no locking was obtained. On the other hand, stable locking with sizeable locking range was generally found for all other values of , except for (very small) values of | | <~2 × 10 −3 , where due to a Hopf-instability [12] no locking could be established. It is noted that in this regime of very weak coupling undamped relaxation oscillations were reported [13] .
Generally, the shapes of the numerical output-intensity curves are not too dependent on the value of . On the other hand, the operation frequency in locked operation depends sensitively on . This is a consequence of the inversions in the coupled laser "clamping" at negative values. For the symmetrically pumped case of Fig. 3 the clamping is demonstrated by the value of 11 slightly smaller than -2 × 10 10 Rad/s, practically independent of the pump strength. From (21) we find for optimized tuning (i. e. 21 = 0), = 0, symmetric pumping and ≈ 1 approximately
This estimate is based on the "undressed" value for | 1 |; in the case of Fig. 3 the "dressed" self-consistent value will be somewhat smaller (see (3) with 1 <0). Also indicated in Fig. 3 is the value for the detuning 21 | for optimized coupling, i.e. 21 = 0. This value lies slightly below the horizontal axis: due to symmetric pumping, the long laser (i.e. laser 2) has slightly higher weight than the shorter laser 1 in determining the optimum condition.
In Fig. 4 a series of panels demonstrates the crucial role of the coupling phase . The curves in each panel are plots of the analytic expressions in Sec. 3. Note the complete disappearance of the locking width for = Arctan + /2, as described by (36). This was also found for delay-coupled symmetric lasers by Erzgräber et al. [14] . The expressions (40) clearly show that when ≠ 0 or the two laser intensities are shifted by the coupling in opposite directions for non-zero detuning, even in case of an otherwise symmetric configuration. This is illustrated in Fig. 5 where for a symmetrically pumped case, the self-consistent output intensities 1 , 2 and operation-frequency shift 11 ≡ 1 − 1 versus = so that the abovedescribed phenomenon is not present and the laser intensities simultaneously increase due to the coupling.
CONCLUSION
We have presented a rate-equation theory which adequately describes the locking of two semiconductor Fabry-Pérot laser cavities coupled by an arbitrary linear coupler. It is shown that due to the strong mutual injection the effective coupling coefficients depend on the resulting inversions of the individual lasers, where the latter in turn are strongly perturbed by the coupling. Thus, a steady state in which the two lasers are locked in frequency depends on the effective coupling, which itself depends on the respective inversions. This requires a self-consistent solution method, which is realized by iteration. We have shown the existence of detuning intervals where the coupled-laser system locks to single-frequency operation, for all practical values of the linewidth-enhancement parameter. Analytic expressions valid for symmetrically pumped, identical lasers with weak coupling predict for the half-width of the locking interval = 2| |√1 + 2 | cos( − Arctan( ))|. The self-consistent numerical results are found to be qualitatively well described by this simple and transparent formula. It was found in general that numerical convergence was easy to achieve, typically in ~50 iterations.
